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Abstract
The modication to fourdimensional Einstein gravity at low energy in two brane
models is investigated within supergravity in singular spaces. Using perturbation the-
ory around a static BPS background, we study the eective fourdimensional gravi-
tational theory, a scalartensor theory, and derive the BransDicke parameter when
matter is present on the positive tension brane only. We show there is an attractor
mechanism towards general relativity in the matter dominated era. The dynamics of
the interbrane distance are discussed. Finally, when matter lives on both branes, we
nd that there is a violation of the equivalence principle whose magnitude is governed
by the warping of the extra dimension.
DAMTP-2002-25, t02/009
1 Introduction
The notion that our Universe may be a hypersurface within a higher-dimensional space-time
is not a new one [1, 2, 3], but recently interest in this class of theory of the Universe has been
rekindled by the development of simple models, notably by Randall and Sundrum [4] and
[5]. These models admit a rich set of developments and extensions. In brane world theories
the standard model elds are usually conned on our (visible) brane, while allowing gravity
to propagate throughout the entire space-time. Recovering a four-dimensional theory of
gravity that is compatible with present-day observations is one of the main constraints
to be imposed on brane-world models. Such an analysis has been carried out in the RS
framework with an explicit radion stabilization mechanism in [6].
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One possible extension to the RS set-up is the inclusion of matter elds in the (extra-
dimensional) bulk. In particular it is of interest to study the dynamics of bulk scalar
elds as these elds appear naturally in models motivated from Mtheory [7], see [8][21].
Recently the issue of retrieving gravity at low energy for models with a single bulk scalar
eld has been analyzed in [22]. It has been found that four dimensional gravity is generically
recovered provided that the models do not have a super-gravitational origin
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.
In this paper, we discuss the eect of including a scalar eld in the bulk, for certain
super-gravitational brane-world models [8, 9, 10, 11], on the eective four-dimensional
theory of gravity. To examine this, we build on the results of a companion paper [12] in
which we studied the dynamics of linear perturbations of the radion (i.e. uctuations of
the brane distance) and the bulk scalar eld. We compute the metric perturbation due to
matter on the brane, and compare the low-energy limit to the BransDicke theories; see
[23].
We begin by summarizing the relevant results from our companion paper in section 2
and add matter sources on the branes; we then, in section 3, compute the BransDicke
parameter that would be observed on the positive-tension brane in the low-energy limit,
and show that general relativity is an attractor in rather general cases. We draw our
conclusions in section 4.
2 Brane World Setup: Background and Perturbations
2.1 The Background Congurations
We are interested in brane world models with a bulk scalar eld. In addition, we have two
branes in our setup: one (the visible brane) is located at z = 0, whereas the other (hidden)






















p−g5(δ(z)− δ(z − rc))UB (2)

















0 = d/dz, for a metric of the form
ds2 = dz2 + a2(z)ηµνdx
µdxν (5)
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More specically, the authors of [22] assume that the relation U = U ′2B − U2B between the brane and
the bulk potentials is violated. This relation holds explicitly for the models that we consider.
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with α = 1/
p
3,−1/p12; these values correspond to supergravity in singular spaces [8]. In
those cases the solution reads
a(z) =
(





where the positive tension brane sits at z = 0. In the α ! 0 limit we retrieve the AdS
prole
a(z) = e−kz (8)
Notice that in that case the scalar eld decouples altogether, as UB and hence U are
constant.
2.2 Fluctuations
Our aim is to analyse the inuence of the matter localized on the brane. We thus include
matter on the boundary branes which will be treated as perturbations. We will further
assume that the matter does not couple to the bulk scalar eld, so that, in particular, the
junction conditions for the bulk eld are not modied. As a consequence we are able to
build on the analysis performed in [12].
We consider a perturbed bulk metric
ds2 = dz2 + a2(z)dxµdxµ + hµνdx
µdxν (9)
in Gaussian normal coordinates. The dynamics of the scalar eld uctuation is determined

















and h = 0, which satises the boundary conditions at both branes for any massless φˆ(xµ).








where we have extended hµν to ve dimensions with h55 = hµ5 = 0. The (55) component
of the gravitational equation leads to ∂zδφ = 0. This implies that δφ is a function of x
µ
only and therefore
δφ = 0 (13)
So the scalar eld perturbation vanishes altogether. Now the (µ5) equation leads to
Dµh
µν = 0 (14)
In summary, we nd that the scalar eld does not play a rôle in the low energy dynamics
and that the metric perturbation is transverse and traceless.
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2.2.1 Adding matter sources on the branes
The eect of adding matter on the branes is to induce a bending of the brane. This leads
to a shift in the position of both branes which sit at
z+ = ξ
+, z− = rc + ξ− (15)
One can perform local changes of coordinates around both branes which preserve the Gaus-
sian normal coordinates and shift them to the origin and rc. After such changes of coordi-
nates the metric is











in the vicinity of the origin and











in the vicinity of the second brane.
We can now study these perturbations. To do so we come back to the gravitational









We denote by u+ and u− the location of both branes in the conformal coordinate system.














h˜µν = 0, (21)
with











, 2(4) = ηµν∂µ∂ν . (22)

















and Tµν is the matter energy-momentum tensor on both branes while g

µν is the induced
metric.

















The brane equation of motion determining the brane bending is obtained by taking the








where a = a(u).
Let us decompose into Kaluza-Klein modes
2(4)hµν = −k2hµν (27)
It is convenient to dene the eigenstates of the positive operator QyQ
QyQψλ = λ2ψλ (28)
Consider now the Green's function Gk2 of the operator
Hk2 = Q
yQ+ k2 − 3
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λ2 + k2 + i
(30)




is the only zero mode to satisfy the boundary conditions imposed by the delta functions.
Moreover the spectrum is discrete due to the two boundary conditions.
We can now write the metric perturbation due to matter on both branes

















This provides the solution to the Einstein equations in the bulk due to the brane bending.
3 Gravity on the visible brane: the zero mode trunca-
tion
We concentrate rst on the case where no matter is present on the second brane and study
gravity on the rst brane. In the low energy limit we neglect the contribution due to the
Kaluza-Klein modes and retain the zero mode only. In this case the metric perturbation
on the brane is















where we have normalized a+ = 1 and used a four dimensional gauge transformation to get
rid of the second derivative terms. This leads to





























where r1 is the maximal range of the extra dimension, i.e. innity for the Randall-Sundrum

























We can now consider the specic exponential models, with UB = 4ke
αφ


















In the α! 0 limit we retrieve that









in agreement with [24].
Let us nally comment on the well known attractormechanism for scalar tensor theories
in the context of the theory discussed so far. Damour and Nordtvedt [25] found that in
the case for BransDicke theory the dynamics of the scalar eld evolves during the matter
dominated epoch such that the BransDicke parameter grows rapidly and thus that Einstein
gravity is a cosmological attractor. It is easy to verify that this is the case in the theory
above:
First, it is convenient to go to the Einstein frame where gµν = gE,µν/Φ. We then
dene a canonically normalized eld σ by ∂a/∂σ = β(σ) where a(σ) = − ln(Φ)/2 and
β2(σ) = 1/(3 + 2ω(Φ)), and nd that




where Φ0 = (1 + 2α
2)/(1 + 4α2kz0). This leads to








Notice that β ! 0 and σ ! σ0 as Φ ! Φ0. The eld σ is attracted towards value its value
at β = 0, i.e. σ is attracted towards σ0. The minimum σ = σ0 can only been reached when
Φ0  1, i.e. for z0  1/2k. In that case the eld σ is attracted towards the point where
ω(Φ) = +1, allowing us to recover Einstein gravity.








2α2 (1− 2kz0) (45)
which, since Φ0 > 1 implies that 2kz0 < 1, is in general not large enough to escape
the experimental bounds on the BransDicke parameter (and tends to
3
4α2
in the limit as
2kz0 ! 0).
In conclusion, we have found that the BransDicke parameter converges towards innity
as soon as the distances between the branes and the naked singularity are large enough. This
should be the case for a realistic cosmology, because we expect both branes to expand. Thus,
they will move away from the singularity so that the attractor mechanism can operate.
Let us nally discuss the case where matter is also on the second brane and study its
eect on the gravitational eld as seen on the rst brane. It is to be expected that the
leading eect will be due to the propagation of gravitons in the bulk, hence suppressed by






































where GN , Φ and ω(Φ) were dened above. Notice that there is a direct coupling to matter
on the second brane which does not follow from BransDicke theory. In particular this
implies that gravity does not couple universally to matter, i.e this leads to a violation of




We have presented an analysis of the eective four-dimensional gravity at the positive-
tension brane for a brane-world model with bulk scalar eld. When the BPS conditions (4)
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are imposed on the system, generating a static supergravity background, we nd that the
eective low-energy theory is a BransDicke theory. We have briey discussed the attractor
mechanism which attracts the theory towards general relativity during a matter dominated
epoch. We have found that the conditions for this to happen can easily be fullled, as long
as the singularity is far away from both branes.
When matter is present on both branes, we have found that both matter types couple
dierently to gravity. Thus, we expect a violation of the equivalence principle for matter
which lives on the shadow brane. This violation, however, is suppressed by a factor, which
can be very small, when the branes are far apart. We expect very interesting consequences
for cosmology from these considerations, which will be investigated in future work.
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